Let T m k = {σ ∈ S k | σ 1 = m}. We prove that the number of permutations which avoid all patterns in T m k equals (k − 2)!(k − 1) n+1−k for k ≤ n. We then prove that for any τ ∈ T 1 k (or any τ ∈ T k k ), the number of permutations which avoid all patterns in T 1 k (or in T k k ) except for τ and contain τ exactly once equals (n + 1 − k)(k − 1) n−k for k ≤ n. Finally, for any τ ∈ T m k , 2 ≤ m ≤ k − 1, this number equals (k − 1) n−k for k ≤ n. These results generalize recent results due to Robertson concerning permutations avoiding 123-pattern and containing 132-pattern exactly once.
Introduction
In 1990, Herb Wilf asked the following: How may permutations, of length n, avoids a given pattern τ ? By pattern-avoiding we mean the following: A permutation α ∈ S n avoids a permutation τ ∈ S m if there is no 1 ≤ i 1 < . . . < i m ≤ n such that (α i 1 , . . . , α im ) is order-isomorphic to τ = (τ 1 , . . . , τ m ). In this case, we write α ∈ S n (τ ) and call the permutation τ a pattern. If a permutation α ∈ S n avoids all patterns τ in a set T , we say that α avoids T and write α ∈ S n (T ).
The first case to be examined was the case of permutations avoiding one pattern of length 3. Knuth [2] found that |S n (132)| = |S n (123)| = c n where c n is the n-th Catalan number given by the formula c n = 1 n+1 2n n , and it is easy to prove that |S n (τ )| = c n for all τ ∈ S 3 . Later then Simion and Schmidt [6] found the cardinalities of |S n (T )| for all T ⊆ S 3 .
A permutation α ∈ S n contains τ ∈ S m exactly r times if there exist exactly r different sequences 1 ≤ i
) is order-isomorphic to τ = (τ 1 , . . . , τ m ) for all j = 1, . . . , r.
Noonan shows in [3] that the number of permutations containing exactly one 123-pattern is given by a simple formula 3 n 2n n+3 . Bona [1] proves that expression 2n−3 n−3 enumerates that permutations containing exactly one 132-pattern, and this result was extended by Robertson, Wilf and Zelberger [5] to calculate the number of 132-avoiding permutations that have a given number of 123-patterns.
Robertson [4] proves that (n − 2)2 n−3 gives the number of permutations containing exactly one 132-pattern and avoiding the 123-pattern; he also shows that the number of permutations containing exactly one 123-pattern and one 132-pattern equals (n − 3)(n − 4)2 n−5 .
In this note we obtain a generalization of the Robertson's result concerning the number 132-avoiding permutations that have one 123-pattern. As a byproduct we get a generalization of the following result due to Simion and Schmidt [6] : |S n (123, 132)| = |S n (213, 231)| = 2 n−1 .
Permutations avoiding
and T 2 4 = {2134, 2143, 2314, 2341, 2413, 2431}. AS a preparatory step, we calculate the cardinalities of the sets
, and define the family of functions f h : S n → S n+1 by:
when β i−1 < h β i−1 + 1, when β i−1 ≥ h for every i = 1, ..., n + 1, β ∈ S n and h = 1, ..., n + 1.
From this we see that:
Example 2.1 As a corollary we get the result of Simion and Schmidt [6] :
Corollary 2.1
. From theorem 2.1, for all j = 1, . . . , d we get that α ∈ G n if and only if
On the other hand, given 1 ≤ i 1 < . . . < i d ≤ k, then by this relation: 3 Permutations avoiding T 1 k \{τ } and containing τ exactly once Let b 1 < . . . < b n ; we denote by S {b 1 ,...,bn} the set of all permutation of the numbers b 1 , . . . , b n ; for example, S {1,...,n} is just S n . As above we denote by S {b 1 ,...,bn} (T ) the set of all permutations in S {b 1 ,...,bn} avoiding all the permutations in T .
Proof We define a function f :
hence by the isomorphism f we have that |S {c 1 ,...,cn} (T )| = |S n (R)|.
We denote by S n (T m k ; τ ) the set of all permutations in S n that avoid M k,m τ and contain τ exactly once.
Theorem 3.1
Proof Let α ∈ S n (T 1 k ; τ ), and let us consider the possible values of α 1 :
is a permutation of the numbers n, . . . , n − k + 1, α 1 . For any choice of k − 1 positions out of i 1 , . . . , i k , the corresponding permutations preceeded by α 1 is order-isomorphic to some permutation in T 1 k . Since α avoids M k,1 τ , it is, in fact, order-isomorphic to τ . We thus get at least k occurencies of τ in α, a contradiction.
3. α 1 = n − k + 1. Then there exist 1 < i 1 < . . . < i k−1 ≤ n such that η = (α 1 , α i 1 , . . . , α i k−1 ) is a permutation of the numbers n, . . . , n−k+1. As above, we immediately get that η is order-isomorphic to τ . We denote by A n the set of all permutations in S n (T 1 k ; τ ) such that α 1 = n−k +1, and define the family of functions f h : A n → S n+1 by:
for every i = 1, ..., n + 1, β ∈ A n and h = 1, ..., n + 1. It is easy to see that for all β ∈ A n ,
Now we define another function g : A n+1 → S n by:
,
Observe that h ≥ n−k+3, since otherwise already (β h , β h+1 , . . . , β n+1 ) contains a pattern from T 1 k , a contradiction. It is easy to see that g(β) ∈ A n for all β ∈ A n+1 , hence |A n+1 | ≤ (k − 1)|A n |. So finally, |A n+1 | = (k − 1)|A n | = (k − 1) n−k , since |A k | = 1.
Since the above cases 1, 2, 3 are disjoint, and by theorem 2.1 and proposition 3.1 we obtain
for all k ≤ n, τ ∈ T 1 k .
Example 3.1 |S n (123; 132)| = |S n (132; 123)| = (n − 2)2 n−3 , which is the result of Robertson in [4] .
